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Abstract: The Banfi-Marchesini-Smye (BMS) equation accounts for non-global logarithms to all orders in per-
turbation theory in the large-Nc approximation. We show that the squared amplitudes for the emission of soft
energy-ordered gluons are correctly embedded in this equation, and explicitly verify that they coincide with those
derived in our previous work [1] in the large-Nc limit up to sixth order in the strong coupling. We perform analytical
calculations for the non-global logarithms up to fourth order for the specific hemisphere mass distribution in e+e−
collisions, thus confirming our previous semi-numerical results. We show that the solution to the BMS equation may
be cast into a product of an infinite number of exponentials each of which resums a class of Feynman diagrams that
manifest a symmetry pattern, and explicitly carry out the computation of the first of these exponentials.
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1 Introduction
Achieving precision in the calculation of QCD ob-
servables at particle colliders is usually hindered by many
perturbative and non-perturbative issues. The resumma-
tion of large logarithms is one such issue. Uncanceled vir-
tual emissions above some scale Q0 up to a renormalisa-
tion scale µR contribute to the integrated distribution of
the observable in question when real emissions above Q0
are cut, leading to logarithms of the form αns ln
m(µR/Q0),
with m ≤ 2n for observables sensitive to soft and/or
collinear emissions (e.g., jet mass), while m ≤ n for
observables sensitive to soft wide-angle emissions alone
(e.g., energy flow into gaps between jets). In this pa-
per we consider the former case of double logarithmic
enhancements, i.e., up to (αsL
2)n, with L= ln(µR/Q0).
In the leading logarithmic (LL) accuracy all double
logarithms of the form αnsL
n+1 in the exponent of the
distribution are resummed, and in the next-to-leading
logarithmic (NLL) accuracy all single logarithms αnsL
n
are additionally resummed. The resummation of these
large logarithms is particularly quite simple for observ-
ables that are inclusive over emissions in the entire angu-
lar phase space since typically a limited number of gluon
emissions needs to be considered in order to reproduce
the all-orders behaviour of the distribution of the said
observables.
NLL accuracy in a large number of QCD observables
that are referred to as non-global, i.e., those sensitive to
emissions in restricted regions of the angular phase space,
has proven difficult to reach due to their cumbersome
resummation. Emissions outside the “unmeasured” re-
gion which themselves subsequently emit a single softest
gluon back into the “measured” region lead to a tower
of large single logarithms αnsL
n [2, 3]. The treatment
of these non-global logarithms (NGLs) relies on multi-
ple gluon branchings that become increasingly compli-
cated at higher orders in perturbation theory. Their re-
summation, contrary to that of global observables men-
tioned above, cannot be performed by a consideration
of a fixed number of gluon emissions since an iterative
pattern could not thus far be spotted.
The topic of resummation of NGLs has seen a lot
of interest in the literature. NGLs were first spotted
and numerically resummed in the large-Nc limit (Nc is
the number of quark colours) by Dasgupta and Salam
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in Refs. [2, 3]. Banfi, Marchesini, and Smye derived a
non-linear integro-differential equation, the BMS equa-
tion [4], whose solution resums NGLs at large Nc for
emissions off a given dipole. A numerical solution to this
equation was provided in the same reference for away-
from-jets energy flow observable. An analytic solution
to the BMS equation was also achieved by Schwartz and
Zhu in Ref. [5] by means of a perturbative expansion
in the strong coupling up to fifth order. An analogous
integro-differential equation that accounts for NGLs to
all orders at finite Nc was also proposed by Weigert in
Ref. [6], and was numerically solved in Ref. [7] in the
context of away-from-jets energy flow, and in Ref. [8] for
the hemisphere mass distribution in e+e− → qq¯ events.
Additionally, an evolution algorithm that deals with the
resummation of NGLs at finite Nc to all orders was de-
veloped in Refs. [9, 10]. In Ref. [11], we evaluated NGLs
at finite Nc up to fifth order in the coupling by comput-
ing eikonal amplitudes of soft gluon emissions (as in Ref.
[1]) and using phase-space considerations. NGLs have
also been considered in the context of groomed multi-
prong jet shape observables in Ref. [12].
In this work we consider the integrated hemisphere
mass distribution in the process e+e−→ qq¯, and propose
a solution to the BMS equation for NGLs in the form
of an exponential. The exponent is written as a series
in the strong coupling (or equivalently the “evolution”
parameter), and we show how it may be resummed by il-
lustrating the partial resummation of the two-loops term
in the exponent. The results we find are consistent with
those obtained by Schwartz and Zhu in Ref. [5], which
were written as an expansion in the coupling in the ac-
tual distribution and not in the exponent. The benefit
of writing the series in the exponent is to avoid obvious
interference terms that pop up in the perturbative expan-
sion of the distribution. The proposed solution paves the
way for a clearer picture for the all-orders resummation
as it subtracts away any such interference. Additionally,
the present work serves as a stringent test on the validity
of both the BMS equation as well as the squared eikonal
amplitudes derived and used in Refs. [1, 11], by show-
ing how the said amplitudes at large Nc are correctly
reproduced by the BMS equation up to six loops. Re-
call that the squared eikonal amplitudes in Ref. [1] were
computed at finite Nc.
This paper is organised as follows. In section 2 we
introduce our notation and define the hemisphere mass
observable. In section 3 we write down the BMS equation
and propose its solution as an exponential of a series in
the strong coupling. We explicitly treat each order in the
exponent up to sixth order, hence we extract the squared
eikonal amplitudes from the BMS equation and compare
with previous results in the literature, in section 4. In
section 5 we perform necessary integrations in order to
obtain the coefficients of the NGLs in the exponent of the
hemisphere mass distribution up to four loops. We show
that the expansion of our result agrees with that found in
Refs. [5, 11]. We then show how the resummation of the
terms in the exponent may be achieved by considering
the resummation of the two-loops contribution. Finally,
in section 6, we draw our conclusions.
2 Kinematics, notation, and observable
To illustrate the resummation of NGLs and extract
eikonal amplitudes from the BMS equation we consider
a simple observable, namely the hemisphere mass in di-
jet events in e+e− collisions, where the hard scattering
is accompanied by strongly-ordered soft gluon emissions
ωn ≪ ··· ≪ ω2 ≪ ω1 ≪ Q, with Q the hard scale and
ωi the energy of the i
th emission. The four-momenta of
the outgoing quark (a), anti-quark (b), and gluons (i) are
given by
pa=
Q
2
(1,0,0,1) , (1a)
pb=
Q
2
(1,0,0,−1) , (1b)
ki=ωi (1,sinθi cosφi,sinθi sinφi,cosθi) , (1c)
where recoil effects are negligible at single-logarithmic
accuracy. Here θi and φi are the polar and azimuthal
angles of the ith emission.
To compare our findings of eikonal amplitudes to
those presented in Ref. [1] we follow the same notation
introduced therein. We define the dipole antenna func-
tions, which carry the angular structure of the squared
matrix elements, as follows
wiab=ω
2
i
pa ·pb
(pa ·ki)(ki ·pb)
, (2a)
Aijab=w
i
ab
(
wjai+w
j
ib−w
j
ab
)
, (2b)
Bijkab =w
i
ab
(
Ajkai +A
jk
ib −A
jk
ab
)
, (2c)
Cijkℓab =w
i
ab
(
Bjkℓai +B
jkℓ
ib −B
jkℓ
ab
)
, (2d)
Dijkℓmab =w
i
ab
(
Cjkℓmai +C
jkℓm
ib −C
jkℓm
ab
)
, (2e)
E ijkℓmnab =w
i
ab
(
Djkℓmnai +D
jkℓmn
ib −D
jkℓmn
ab
)
. (2f)
We additionally define the reduced antenna functions
A¯ijab = A
ij
ab/w
i
ab, and similarly for the other functions.
The basic antenna function wiab may be cast into
wiab=
(ab)
(ai)(ib)
,
(ij)= 1−cosθij =1−ci cj−si sj cosφij ,
(3)
where for compactness we define ci ≡ cosθi, si ≡ sinθi,
and φij =φi−φj .
The observable we are interested in is the normalised
(squared) invariant mass of the right hemisphere HR (in
XXXXXX-2
Chinese Physics C Vol. XX, No. XX (XXXX) XXXXXX
the direction of the quark (a))
ρ=
1
Q2
(
pa+
∑
i∈HR
ki
)2
=
1
Q2
∑
i∈HR
2ki ·pa=
∑
i∈HR
xi (1−cosθi) , (4)
where the sum runs over all gluon emissions inside the
right hemisphere HR, and xi = ωi/Q is the energy frac-
tion of the ith emission.
3 The BMS equation and its solution
The hemisphere mass distribution is sensitive to soft
and/or collinear gluon emissions leading to large loga-
rithms L= ln(1/ρ) in the integrated distribution σ(ρ) of
this observable. At leading order in colour (also known
as the large-Nc approximation), this distribution satis-
fies a non-linear integro-differential equation known as
the BMS equation [4]
∂Gab(t)
∂t
=Nc
∫
dΩk
4π
wkab (Θ
out
k Gak(t)Gkb(t)−Gab(t)) ,
(5)
where the hemisphere mass distribution is just σ(ρ) =
Gab(t). The evolution parameter t is related to ρ by
t=
1
π
∫ 1
ρ
dx
x
αs(Qx)=−
1
2πβ0
ln(1−2αsβ0L) , (6)
with β0 the one-loop coefficient of the QCD β function
and the second equality holds at one loop. In Eq. (5)
dΩk = dck dφk is the differential solid angle of the emis-
sion k, and the step function Θoutk restricts this emission
to be outside the measured hemisphere HR, thus Θ
out
k =
Θ(−ck). We additionally have Θ
in
k =1−Θ
out
k =Θ(ck).
The quantity Gab(t) is generally interpreted as the
probability that a given dipole (ab) whose directions are
determined by solid angles Ωa and Ωb emits radiation re-
sulting in a hemisphere mass less than ρ. We shall con-
fine ourselves in the present work to the specific dipole
(ab)= (qq¯) fixed by ca=+1 and cb=−1, or equivalently
θa = 0 and θb = π. The solution to the BMS equation is
unique with the initial condition Gab(t=0)= 1. Typical
values of t for phenomenological studies go up to t∼ 0.3.
The first term Θoutk Gak(t)Gkb(t) in Eq. (5) represents
real-emission contributions while the subtracted term
−Gab(t) represents the virtual corrections, and they are
both (when integrated) separately divergent when the
emission is collinear to one of the hard dipole legs. This
collinear singularity is cancelled in the sum of the two
terms. To avoid these divergences we rewrite the BMS
equation in an alternative way
∂Gab(t)
∂t
=Nc
∫
dΩk
4π
wkabΘ
out
k (Gak(t)Gkb(t)−Gab(t))−
−Nc
∫
dΩk
4π
wkabΘ
in
k Gab(t) . (7)
Eq. (7) as it stands is still ill-defined, since there is an-
other collinear singularity in the second term associated
with emissions parallel to the quark direction. This issue
was also raised in Ref. [8]. In fact, the BMS equation was
originally written for away-from-jets energy flow observ-
ables which are free from contributions of such emissions.
Observables of this kind are sensitive only to soft wide-
angle emissions and thus only have single logarithms. On
the contrary, the hemisphere mass distribution has both
single and double logarithms. This explains the origin of
the divergence in Eq. (7). In order for the BMS equation
to be valid in our case a kinematical cutoff needs to be
applied to the second term in Eq. (7), namely a collinear
cutoff 1− ck > ρ. This cutoff naturally arises when us-
ing the “measurement-operator” procedure to account
for real and virtual contributions to the hemisphere mass
distribution as explained in Ref. [11].
This collinear singularity, however, only affects the
resummation of double logarithms, which typically re-
sults in a Sudakov form factor, and does not enter the
resummation of NGLs. To see this we recall that [3]
NGLs result from emissions near the boundary between
the two hemispheres which is away from the quark and
anti-quark directions. Said differently, collinear emis-
sions to the quark or anti-quark do not contribute to
NGLs. Since we are interested only in the resummation
of NGLs in this paper, and since the double logarithmic
(Sudakov) form factor has been well treated before (see
Ref. [13] and the Review [14]), we can therefore discard
this divergence in the current paper.
3.1 Exponential solution
Based on the observation made in Ref. [11] about
the possible exponentiation of NGLs, and given that the
derivative of the function Gab(t) in the BMS equation re-
produces a phase-space integral of somewhat the same
function, it is natural to propose an exponential solution
with a series in the exponent of the form
Gab(t)= exp
(
∞∑
n=1
1
n!
S(n)ab N
n
c t
n
)
, (8)
where S
(n)
ab are fixed coefficients. This proposed solution
satisfies the initial condition mentioned above at t = 0
and includes the primary-emission Sudakov form factor
(the term n=1 in the exponent). This exponential form
avoids the unnecessary dealing with “interference” terms
discussed in Ref. [11], which can be reproduced here by
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expanding the exponential. The BMS equation does in
fact admit this solution since, as we shall see, all the
coefficients S(n)ab in the exponent are fully determined re-
cursively down to the Sudakov term S(1)ab , which too is
fully determined.
Although the BMS equation is valid only at leading
colour, one can write the series in the exponent in terms
of the colour factors CF = (N
2
c − 1)/(2Nc) and CA = Nc
by merely replacing Nnc → 2CFC
n−1
A , where at large Nc
we have 2CF = CA = Nc. This fact helps us partially
restore the full colour structure of the resummed NGLs
at finite Nc. Further finite-Nc corrections totally not ac-
counted for by the BMS equation, and which contribute
a factor σcorr (first appearing at O(α
4
s) [11]) to the fully
resummed distribution, are also required, such that
σfullNc(ρ)= σlargeNc(ρ)×σcorr(ρ) , (9a)
σcorr(ρ)= 1+O(α
4
s) . (9b)
The first term in σcorr(ρ) was computed in Ref. [11] to
be
1
4!
α¯4sL
4CFC
3
A
(
1
2
−
CF
CA
)
ζ4 , (10)
with α¯s=αs/π and ζ is the Riemann zeta function.
3.2 Iteration of the series coefficients
We now show how the coefficients in the exponent of
the exponential solution may be found iteratively. Tak-
ing the derivative of the solution (8) with respect to t
and renaming the summation index we obtain
∂Gab(t)
∂t
=
(
∞∑
n=0
1
n!
S(n+1)ab N
n+1
c t
n
)
×Gab(t) , (11)
where we note that the sum here starts at n = 0. Sub-
stituting into the BMS equation and dividing both sides
by NcGab(t) we obtain
∞∑
n=0
1
n!
S(n+1)ab (Nc t)
n=−
∫
dΩk
4π
Θink w
k
ab+
∫
dΩk
4π
Θoutk ×
×wkab
(
exp
[
∞∑
n=1
1
n!
(
S(n)ak +S
(n)
kb −S
(n)
ab
)
(Nc t)
n
]
−1
)
.
(12)
In order to extract the coefficients S(n)ab at any order n it
suffices to equate coefficients of (Nc t)
n from both sides
of this equation. At zeroth order (equating coefficients
of (Nc t)
0) we have
S(1)ab =−
∫
dΩ1
4π
Θin1 w
1
ab , (13)
where we have set k = 1 to represent the first emission.
This is the coefficient in the exponent of the Sudakov
form factor. As stated earlier, this term is divergent and
can be regulated by placing a collinear cutoff on the po-
lar integration. However, this divergence is irrelevant for
the calculation of NGLs and thus will not be considered
further.
At higher orders we may write
∞∑
n=1
1
n!
S(n+1)ab (Nc t)
n=
∫
dΩ1
4π
Θout1 w
1
ab×
×
(
exp
[
∞∑
n=1
1
n!
(
S(n)a1 +S
(n)
1b −S
(n)
ab
)
(Nc t)
n
]
−1
)
. (14)
Denoting Xn=S
(n)
a1 +S
(n)
1b −S
(n)
ab , and using the fact that
exp
(
∞∑
n=1
(Nc t)
n
n!
Xn
)
−1=
(Nc t)
1
1!
X1+
+
(Nc t)
2
2!
(X 21 +X2)+
(Nc t)
3
3!
(X 31 +3X1X2+X3)+
+
(Nc t)
4
4!
(X 41 +6X
2
1 X2+3X
2
2 +4X1X3+X4)+
+
(Nc t)
5
5!
(X 51 +10X
3
1 X2+15X1X
2
2 +10X
2
1 X3+
+10X2X3+5X1X4+X5)+
+
(Nc t)
6
6!
(X 61 +15X
4
1 X2+45X
2
1 X
2
2 +15X
3
2 +20X
3
1 X3+
+60X1X2X3+10X
2
3 +15X
2
1 X4+15X2X4+
+6X1X5+X6)+O(t
7)
≡
∞∑
n=1
1
n!
F (n)ab (k1)(Nc t)
n , (15)
we are able to compute all the coefficients S(n)ab recur-
sively
S
(n+1)
ab =
∫
dΩ1
4π
Θout1 w
1
abF
(n)
ab (k1) , n≥ 1 , (16)
where we note that all F (n)ab (k1) are written as combina-
tions of the functions Xm with m≤ n. This means that
the (n+1)th-order coefficient S(n+1)ab is written in terms of
lower-order terms recursively. In what follows below we
illustrate the evaluation of these coefficients up to sixth
order. Going to higher orders is in principle possible
though cumbersome.
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3.3 Results up to six loops
The leading order at which NGLs first appear is the
two-loops order, that is O(α2s). At this order we have
S(2)ab =
∫
dΩ1
4π
Θout1 w
1
abF
(1)
ab (k1)
=
∫
dΩ1
4π
Θout1 w
1
abX1
=
∫
dΩ1
4π
Θout1 w
1
ab
(
S(1)a1 +S
(1)
1b −S
(1)
ab
)
=−
∫
dΩ1
4π
dΩ2
4π
Θout1 Θ
in
2 w
1
ab (w
2
a1+w
2
1b−w
2
ab)
=−
∫
dΩ12
(4π)2
Θout1 Θ
in
2 A
12
ab , (17)
where we substituted the expressions for S(1)ij from the
relation (13), and used the shorthand notation dΩ12...m≡
dΩ1dΩ2 . . . dΩm.
At three loops we find
S(3)ab =
∫
dΩ1
4π
Θout1 w
1
ab×
×
[(
S(1)a1 +S
(1)
1b −S
(1)
ab
)2
+S(2)a1 +S
(2)
1b −S
(2)
ab
]
=
∫
dΩ123
(4π)3
Θout1 Θ
in
2 Θ
in
3 A
12
ab A¯
13
ab−
−
∫
dΩ123
(4π)3
Θout1 Θ
out
2 Θ
in
3 B
123
ab . (18)
Similarly, at four loops we have the result
S(4)ab =
∫
dΩ1
4π
Θout1 w
1
ab
[(
S(1)a1 +S
(1)
1b −S
(1)
ab
)3
+
+3
(
S(1)a1 +S
(1)
1b −S
(1)
ab
)(
S(2)a1 +S
(2)
1b −S
(2)
ab
)
+
+S(3)a1 +S
(3)
1b −S
(3)
ab
]
=−
∫
dΩ1234
(4π)4
Θout1 Θ
in
2 Θ
in
3 Θ
in
4 A
12
ab A¯
13
ab A¯
14
ab+
+3
∫
dΩ1234
(4π)4
Θout1 Θ
in
2 Θ
out
3 Θ
in
4 A
12
ab B¯
134
ab +
+
∫
dΩ1234
(4π)4
Θout1 Θ
out
2 Θ
in
3 Θ
in
4 A
1234
ab −
−
∫
dΩ1234
(4π)4
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 C
1234
ab . (19)
where, inline with the notation used in Ref. [1], we in-
troduced
A
ijkℓ
ab =w
i
ab
(
Ajkai A¯
jℓ
ai+A
jk
ib A¯
jℓ
ib−A
jk
abA¯
jℓ
ab
)
. (20)
Furthermore, to present the five-loops coefficient we
introduce, as in Ref. [1]
A
ijkℓm
ab =w
i
ab
(
AjkaiA¯
jℓ
aiA¯
jm
ai +A
jk
ib A¯
jℓ
ibA¯
jm
ib −A
jk
abA¯
jℓ
abA¯
jm
ab
)
,
(21a)
A˜
ijkℓm
ab =w
i
ab
(
Ajkai B¯
jℓm
ai +A
jk
ib B¯
jℓm
ib −A
jk
abB¯
jℓm
ab
)
, (21b)
B
ijkℓm
ab =w
i
ab
(
A
jkℓm
ai +A
jkℓm
ib −A
jkℓm
ab
)
. (21c)
Then, the five-loops coefficient reads
S(5)ab =
∫
dΩ1
4π
w1abΘ
out
1
[(
S(1)a1 +S
(1)
1b −S
(1)
ab
)4
+
+6
(
S(1)a1 +S
(1)
1b −S
(1)
ab
)2(
S(2)a1 +S
(2)
1b −S
(2)
ab
)
+
+4
(
S
(1)
a1 +S
(1)
1b −S
(1)
ab
)(
S
(3)
a1 +S
(3)
1b −S
(3)
ab
)
+
+3
(
S(2)a1 +S
(2)
1b −S
(2)
ab
)2
+S(4)a1 +S
(4)
1b −S
(4)
ab
]
. (22)
Substituting in terms of the antenna functions we find
at this order
S(5)ab =
∫
dΩ12345
(4π)5
Θout1 Θ
in
2 Θ
in
3 Θ
in
4 Θ
in
5 A
12
ab A¯
13
ab A¯
14
ab A¯
15
ab−
−6
∫
dΩ12345
(4π)5
Θout1 Θ
out
2 Θ
in
3 Θ
in
4 Θ
in
5 B
123
ab A¯
14
ab A¯
15
ab+
+3
∫
dΩ12345
(4π)5
Θout1 Θ
out
2 Θ
in
3 Θ
out
4 Θ
in
5 B
123
ab B¯
145
ab −
−4
∫
dΩ12345
(4π)5
Θout1 Θ
out
2 Θ
in
3 Θ
in
4 Θ
in
5 A
15
ab A¯
1234
ab +
+4
∫
dΩ12345
(4π)5
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 Θ
in
5 A
15
ab C¯
1234
ab −
−
∫
dΩ12345
(4π)5
Θout1 Θ
out
2 Θ
in
3 Θ
in
4 Θ
in
5 A
12345
ab +
+3
∫
dΩ12345
(4π)5
Θout1 Θ
out
2 Θ
in
3 Θ
out
4 Θ
in
5 A˜
12345
ab +
+
∫
dΩ12345
(4π)5
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 Θ
in
5 B
12345
ab −
−
∫
dΩ12345
(4π)5
Θout1 Θ
out
2 Θ
out
3 Θ
out
4 Θ
in
5 D
12345
ab . (23)
For the presentation of the six-loops result we shall
need the following definitions
B
ijkℓmn
ab =w
i
ab
(
A
jkℓmn
ai +A
jkℓmn
ib −A
jkℓmn
ab
)
, (24a)
B˜
ijkℓmn
ab =w
i
ab
(
A˜
jkℓmn
ai + A˜
jkℓmn
ib − A˜
jkℓmn
ab
)
, (24b)
C
ijkℓmn
ab =w
i
ab
(
B
jkℓmn
ai +B
jkℓmn
ib −B˜
jkℓmn
ab
)
. (24c)
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At sixth order we have
S(6)ab =
∫
dΩ1
4π
w1abΘ
out
1
[(
S(1)a1 +S
(1)
1b −S
(1)
ab
)5
+
+10
(
S(1)a1 +S
(1)
1b −S
(1)
ab
)3(
S(2)a1 +S
(2)
1b −S
(2)
ab
)
+
+15
(
S(1)a1 +S
(1)
1b −S
(1)
ab
)(
S(2)a1 +S
(2)
1b −S
(2)
ab
)2
+
+10
(
S(1)a1 +S
(1)
1b −S
(1)
ab
)2(
S(3)a1 +S
(3)
1b −S
(3)
ab
)
+
+10
(
S(2)a1 +S
(2)
1b −S
(2)
ab
)(
S(3)a1 +S
(3)
1b −S
(3)
ab
)
+
+5
(
S(1)a1 +S
(1)
1b −S
(1)
ab
)(
S(4)a1 +S
(4)
1b −S
(4)
ab
)
+
+S(5)a1 +S
(5)
1b −S
(5)
ab
]
. (25)
Explicitly written we have
S(6)ab =−
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
out
3 Θ
out
4 Θ
out
5 Θ
in
6 E
123456
ab
−
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
in
3 Θ
in
4 Θ
in
5 Θ
in
6 A
12
abA¯
13
abA¯
14
abA¯
15
abA¯
16
ab
+10
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
in
3 Θ
in
4 Θ
out
5 Θ
in
6 A
12
abA¯
13
abA¯
14
abB¯
156
ab
−15
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
out
3 Θ
in
4 Θ
out
5 Θ
in
6 A
12
abB¯
134
ab B¯
156
ab
−10
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
in
3 Θ
out
4 Θ
out
5 Θ
in
6 A
12
abA¯
13
abC¯
1456
ab
+10
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
in
3 Θ
out
4 Θ
out
5 Θ
in
6 B
123
ab C¯
1456
ab
+10
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
in
3 Θ
out
4 Θ
in
5 Θ
in
6 A
12
abA¯
13
abA¯
1456
ab
−10
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
in
3 Θ
out
4 Θ
in
5 Θ
in
6 B
123
ab A¯
1456
ab
+5
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
out
3 Θ
in
4 Θ
in
5 Θ
in
6 A
12
abA¯
13456
ab
−15
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
out
3 Θ
in
4 Θ
out
5 Θ
in
6 A
12
ab
¯˜
A
13456
ab
−5
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
out
3 Θ
out
4 Θ
in
5 Θ
in
6 A
12
abB¯
13456
ab
+5
∫
dΩ1...6
(4π)6
Θout1 Θ
in
2 Θ
out
3 Θ
out
4 Θ
out
5 Θ
in
6 A
12
abD¯
13456
ab
+
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
in
3 Θ
in
4 Θ
in
5 Θ
in
6 J
123456
ab
−6
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 Θ
in
5 Θ
in
6 K
123456
ab
+3
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 Θ
out
5 Θ
in
6 L
123456
ab
+4
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
out
3 Θ
out
4 Θ
in
5 Θ
in
6 P
123456
ab
−4
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 Θ
in
5 Θ
in
6 Q
123456
ab
−
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 Θ
in
5 Θ
in
6 B
123456
ab
+3
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 Θ
out
5 Θ
in
6 B˜
123456
ab
+
∫
dΩ1...6
(4π)6
Θout1 Θ
out
2 Θ
out
3 Θ
out
4 Θ
in
5 Θ
in
6 C
123456
ab , (26)
where
J ijkℓmnab =w
i
ab
(
Ajkai A¯
jℓ
aiA¯
jm
ai A¯
jn
ai +A
jk
ib A¯
jℓ
ibA¯
jm
ib A¯
jn
ib +
−AjkabA¯
jℓ
abA¯
jm
ab A¯
jn
ab
)
, (27a)
Kijkℓmnab =w
i
ab
(
Bjkℓai A¯
jm
ai A¯
jn
ai +B
jkℓ
ib A¯
jm
ib A¯
jn
ib +
−Bjkℓab A¯
jm
ab A¯
jn
ab
)
, (27b)
Lijkℓmnab =w
i
ab
(
Bjkℓai B¯
jmn
ai +B
jkℓ
ib B¯
jmn
ib −B
jkℓ
ab B¯
jmn
ab
)
,
(27c)
P ijkℓmnab =w
i
ab
(
Ajnai C¯
jkℓm
ai +A
jn
ib C¯
jkℓm
ib −A
jn
ab C¯
jkℓm
ab
)
,
(27d)
Qijkℓmnab =w
i
ab
(
Ajnai A¯
jkℓm
ai +A
jn
ib A¯
jkℓm
ib −A
jn
ab A¯
jkℓm
ab
)
.
(27e)
At this point we emphasise that the unintegrated re-
sults S(n)ab that we have presented are in fact very gen-
eral and applicable to the computation of the distri-
bution of any non-global observable, at large Nc. The
evaluation of these integrals for the specific case of the
hemisphere mass distribution will be presented in sec-
tion 5. Before doing so we show, in the next section,
how squared eikonal amplitudes for the emission of soft
energy-ordered gluons may be extracted from the above
expressions for S(n)ab .
4 Eikonal amplitudes from the BMS
equation
The integrals involved in the expressions of each
of the coefficients S(n)ab correctly reproduce the squared
eikonal amplitudes for the emission of n soft energy-
ordered gluons at large Nc. The phase space of these
integrals encodes the impact of the “measurement oper-
ator”, introduced in Ref. [5], on the various squared am-
plitudes corresponding to all possible real/virtual gluon
configurations at a given order n, including the possible
angular configurations (inside or outside the measured
region). Furthermore, the constant integers that appear
in front of the integrals merely result from identical con-
tributions of different permutations of the emitted glu-
ons. Take, for instance, the four-loops term from Eq.
(19)
3
∫
dΩ1234
(4π)4
Θout1 Θ
in
2 Θ
out
3 Θ
in
4 A
12
ab B¯
134
ab . (28)
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This term can be rewritten as∫
dΩ1234
(4π)4
[
Θout1 Θ
in
2 Θ
out
3 Θ
in
4 A
12
ab B¯
134
ab +
+Θout1 Θ
out
2 Θ
in
3 Θ
in
4 A
13
ab B¯
124
ab +
+Θout1 Θ
out
2 Θ
in
3 Θ
in
4 A
14
ab B¯
123
ab
]
. (29)
These three terms actually give identical results after
integration, but each of them originates from a different
term in the amplitude squared that comes from one of the
permutations of the emitted gluons. The colour factor
associated with the squared amplitude that we extract
at nth order (at large Nc) is N
n
c . As stated before, we
invoke the replacement Nnc → 2CFC
n−1
A in order to par-
tially restore the finite-Nc colour structure of the squared
amplitudes.
It should be emphasised, though, that the results pre-
sented in the previous section explicitly reproduce just
what was referred to in Ref. [1] as the “irreducible”
parts of the squared amplitudes at a given order. The
“reducible” parts of the squared eikonal amplitudes are
related to the interference terms that one obtains by ex-
panding the proposed exponential solution (8). The re-
ducible parts of the squared amplitudes at order n are
written purely in terms of squared amplitudes at previ-
ous orders m<n. Extracting these reducible amplitudes
is trivial and we shall show the results below.
In the remaining part of this section we present the
emission squared amplitudes deduced from the exponen-
tial solution to the BMS equation up to six loops. We
follow the notation of Ref. [1], where WX12...m represents
the m-gluon-emission amplitude squared and X denotes
the real-virtual configuration of the emitted gluons. For
instance, WRVR123 is the squared amplitude of emission of
three gluons with k1 and k3 being real and k2 being vir-
tual. We shall only present the real-emission amplitudes.
The virtual corrections may readily be deduced from the
latter as explained in Ref. [1].
The factorised squared amplitude for the emission of
a single soft gluon (n= 1) off a dipole (ab) is read from
the expression of S(1)ab (13) to be
WR1 =2CFw
1
ab . (30)
Notice that strictly speaking we have omitted a factor
g2s/ω
2
1, with g
2
s = 4παs the strong coupling, which has
been absorbed into the evolution parameter t. At two
loops, the emission squared amplitude is given by
WRR12 =W
R
1 W
R
2 +W
RR
12 , (31)
where the irreducible part is read from S(2)ab (last line of
Eq. (17)) to be
W
RR
12 =2CFCAA
12
ab . (32)
At three loops we have
WRRR123 =W
R
1 W
R
2 W
R
3 +W
R
1 W
RR
23 +W
R
2 W
RR
13 +W
R
3 W
RR
12 +
+W
RRR
123 , (33)
with the totally irreducible component (read from Eq.
(18))
W
RRR
123 =2CFC
2
A
(
A12ab A¯
13
ab+B
123
ab
)
. (34)
We note here that the minus sign associated with the
term B123ab in Eq. (18), as well as the different phase
space of integration in the two terms of this equation,
results from consideration of virtual contributions. This
is clearly explained in Ref. [11]. For instance, the con-
tribution Θout1 Θ
in
2 Θ
in
3 A
12
ab A¯
13
ab is associated with the irre-
ducible part of the squared amplitude of emission W
RVR
123
with gluon k2 being virtual
W
RVR
123 =−2CFC
2
AA
12
ab A¯
13
ab , (35)
while the contribution Θout1 Θ
out
2 Θ
in
3 B
123
ab is associated
with the sum of the two amplitudes W
RVR
123 +W
RRR
123 , as
explained in Ref. [11].
The four-loops amplitude squared is given by
WRRRR1234 =W
R
1W
R
2W
R
3 W
R
4 +
(
WR1 W
R
2W
RR
34 +perm.
)
+
+
(
W
RR
12 W
RR
34 +perm.
)
+
(
WR1W
RRR
234 +perm.
)
+
+W
RRRR
1234 +finite-Nc contributions , (36)
where “perm.” stands for all possible permutations of
the gluons that do not reproduce the same term twice
(in order to avoid double counting). ∗ The irreducible
part of the squared amplitude at this order is read from
Eq. (19) to be
W
RRRR
1234 =2CFC
3
A
(
A12ab A¯
13
ab A¯
14
ab+A
1234
ab +C
1234
ab +
+A12ab B¯
134
ab +A
13
ab B¯
124
ab +A
14
ab B¯
123
ab
)
. (37)
The five-loops squared amplitude is given by
WRRRRR12345 =W
R
1W
R
2W
R
3 W
R
4W
R
5 +
+
(
WR1W
R
2W
R
3 W
RR
45 +perm.
)
+
+
(
WR1W
RR
23 W
RR
45 +perm.
)
+
(
WR1 W
R
2W
RRR
345 +perm.
)
+
+
(
W
RR
12 W
RRR
345 +perm.
)
+
(
WR1 W
RRRR
2345 +perm.
)
+
+W
RRRRR
12345 +finite-Nc contributions . (38)
∗When permuting the irreducible parts, e.g. W
RRR
ijk , the indices must always be ordered such that i< j <k.
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The irreducible contribution can be read from Eq. (23)
W
RRRRR
12345 =2CFC
4
A
(
D12345ab +A
12
ab A¯
13
ab A¯
14
ab A¯
15
ab+
+B123ab A¯
14
ab A¯
15
ab+B
124
ab A¯
13
ab A¯
15
ab+B
125
ab A¯
13
ab A¯
14
ab+
+B134ab A¯
12
ab A¯
15
ab+B
135
ab A¯
12
ab A¯
14
ab+B
145
ab A¯
12
ab A¯
13
ab+
+B123ab B¯
145
ab +B
124
ab B¯
135
ab +B
125
ab B¯
134
ab +
+A15ab A¯
1234
ab +A
14
ab A¯
1235
ab +A
13
ab A¯
1245
ab +A
12
ab A¯
1345
ab +
+A15ab C¯
1234
ab +A
14
ab C¯
1235
ab +A
13
ab C¯
1245
ab +A
12
ab C¯
1345
ab
+ A˜12345ab + A˜
12435
ab + A˜
12534
ab +A
12345
ab +B
12345
ab
)
.
(39)
At six loops we have
WRRRRRR123456 =W
R
1W
R
2W
R
3 W
R
4W
R
5W
R
6 +
+
(
WR1W
R
2W
R
3 W
R
4W
RR
56 +perm.
)
+
+
(
WR1W
R
2W
RR
34 W
RR
56 +perm.
)
+
+
(
W
RR
12 W
RR
34 W
RR
56 +perm.
)
+
+
(
WR1W
R
2W
R
3 W
RRR
456 +perm.
)
+
+
(
WR1W
RR
23 W
RRR
456 +perm.
)
+
+
(
W
RRR
123 W
RRR
456 +perm.
)
+
(
W
RR
12 W
RRRR
3456 +perm.
)
+
(
WR1W
R
2W
RRRR
3456 +perm.
)
+
(
WR1W
RRRRR
23456 +perm.
)
+W
RRRRRR
123456 +finite-Nc contributions , (40)
where the irreducible contribution at this order is de-
duced from Eq. (26) to be
W
RRRRR
123456 =A
12
abA¯
13
abA¯
14
abA¯
15
abA¯
16
ab+A
12
abA¯
13
abA¯
14
abB¯
156
ab +
+A12abA¯
13
abA¯
15
abB¯
146
ab +A
12
abA¯
13
abA¯
16
abB¯
145
ab +A
12
abA¯
14
abA¯
15
abB¯
136
ab
+A12abA¯
14
abA¯
16
abB¯
135
ab +A
12
abA¯
15
abA¯
16
abB¯
134
ab +A
13
abA¯
14
abA¯
15
abB¯
126
ab
+A13abA¯
14
abA¯
16
abB¯
125
ab +A
13
abA¯
15
abA¯
16
abB¯
124
ab +A
14
abA¯
15
abA¯
16
abB¯
123
ab
+A12abB¯
134
ab B¯
156
ab +A
12
abB¯
135
ab B¯
146
ab +A
12
abB¯
136
ab B¯
145
ab +
+A13abB¯
124
ab B¯
156
ab +A
13
abB¯
125
ab B¯
146
ab +A
13
abB¯
126
ab B¯
145
ab +
+A14abB¯
123
ab B¯
156
ab +A
14
abB¯
125
ab B¯
136
ab +A
14
abB¯
126
ab B¯
135
ab +
+A15abB¯
123
ab B¯
146
ab +A
15
abB¯
124
ab B¯
136
ab +A
15
abB¯
126
ab B¯
134
ab +
+A16abB¯
123
ab B¯
145
ab +A
16
abB¯
124
ab B¯
135
ab +A
16
abB¯
125
ab B¯
134
ab +
+A12abA¯
13
abC¯
1456
ab +A
12
abA¯
14
abC¯
1356
ab +A
12
abA¯
15
abC¯
1346
ab +
+A12abA¯
16
abC¯
1345
ab +A
13
abA¯
14
abC¯
1256
ab +A
13
abA¯
15
abC¯
1246
ab +
+A13abA¯
16
abC¯
1245
ab +A
14
abA¯
15
abC¯
1236
ab +A
14
abA¯
16
abC¯
1235
ab +
+A15abA¯
16
abC¯
1234
ab +
+B123ab C¯
1456
ab +B
124
ab C¯
1356
ab +B
125
ab C¯
1346
ab +B
126
ab C¯
1345
ab +
+B134ab C¯
1256
ab +B
135
ab C¯
1246
ab +B
136
ab C¯
1245
ab +B
145
ab C¯
1236
ab +
+B146ab C¯
1235
ab +B
156
ab C¯
1234
ab +
+A12abA¯
13
abA¯
1456
ab +A
12
abA¯
14
abA¯
1356
ab +A
12
abA¯
15
abA¯
1346
ab +
+A12abA¯
16
abA¯
1345
ab +A
13
abA¯
14
abA¯
1256
ab +A
13
abA¯
15
abA¯
1246
ab +
+A13abA¯
16
abA¯
1245
ab +A
14
abA¯
15
abA¯
1236
ab +A
14
abA¯
16
abA¯
1235
ab +
+A15abA¯
16
abA¯
1234
ab +
+B123ab A¯
1456
ab +B
124
ab A¯
1356
ab +B
125
ab A¯
1346
ab +B
126
ab A¯
1345
ab +
+B134ab A¯
1256
ab +B
135
ab A¯
1246
ab +B
136
ab A¯
1245
ab +B
145
ab A¯
1236
ab +
+B146ab A¯
1235
ab +B
156
ab A¯
1234
ab +
+A12abA¯
13456
ab +A
13
abA¯
12456
ab +A
14
abA¯
12356
ab +A
15
abA¯
12346
ab +
+A16abA¯
12345
ab +
+A12ab
¯˜
A
13456
ab +A
12
ab
¯˜
A
13546
ab +A
12
ab
¯˜
A
13645
ab +A
13
ab
¯˜
A
12456
ab +
+A13ab
¯˜
A
12546
ab +A
13
ab
¯˜
A
12645
ab +A
14
ab
¯˜
A
12356
ab +A
14
ab
¯˜
A
12536
ab +
+A14ab
¯˜
A
12635
ab +A
15
ab
¯˜
A
12346
ab +A
15
ab
¯˜
A
12436
ab +A
15
ab
¯˜
A
12634
ab +
+A16ab
¯˜
A
12345
ab +A
16
ab
¯˜
A
12435
ab +A
16
ab
¯˜
A
12534
ab +
+A12abB¯
13456
ab +A
13
abB¯
12456
ab +A
14
abB¯
12356
ab +A
15
abB¯
12346
ab +
+A16abB¯
12345
ab +
+A12abD¯
13456
ab +A
13
abD¯
12456
ab +A
14
abD¯
12356
ab +A
15
abD¯
12346
ab +
+A16abD¯
12345
ab +
+K123456ab +K
123546
ab +K
123645
ab +K
124536
ab +K
124635
ab +
+K125634ab +
+L123456ab +L
123546
ab +L
123645
ab +
+P123456ab +P
123465
ab +P
123564
ab +P
124563
ab +
+Q123456ab +Q
123465
ab +Q
123564
ab +Q
124563
ab +
+B˜123456ab +B˜
123546
ab +B˜
123645
ab +
+J 123456ab +B
123456
ab +C
123456
ab +E
123456
ab . (41)
Notice how the integer coefficient that multiplies each
integral in Eq. (26) exactly corresponds to the number
of possible permutations of gluons in the squared ampli-
tude. The result at six loops has not been previously re-
ported in the literature and we have deduced it here from
the BMS equation. Furthermore, we have verified this re-
sult by comparing it to the output of the Mathematica
program EikAmp [1]. Recall that EikAmp additionally
produces terms that are subleading in colour, i.e., finite-
Nc contributions, and thus provides squared amplitudes
that are more accurate in terms of colour structure.
5 NGLs in the hemisphere mass distri-
bution
We present in this section the results of integrations
for the coefficients S(n)ab of NGLs up to n=4, in the case
of back-to-back di-jet production events in e+e− colli-
sions, where we measure the invariant mass of the hemi-
sphere defined by one of the jets. The iterative struc-
ture of the integrals suggests the use of Goncharov poly-
logarithms (GPLs), symbols and co-product machinery
[15, 16], which greatly simplifies the analytical computa-
tions of the said integrations [5]. The results we report
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herein serve as confirmation of the semi-analytical calcu-
lations carried out in Ref. [11]. We leave the details of
integrations to appendix A and confine ourselves here to
stating the full result up to fourth order.
The resummed hemisphere mass distribution may be
expressed as follows
σ(ρ)= σp(ρ)× σNG(ρ) , (42)
where σp(ρ) is the primary Sudakov form factor given by
[17]
σp(ρ)=
1
Γ[1+R′(ρ)]
exp[−R(ρ)−γER
′(ρ)] , (43)
with γE ≈ 0.577 being the Euler-Mascheroni constant,
and the expression of the global radiator R is presented
in appendix B. The term σNG(ρ) is the resummed non-
global factor given by
σNG(ρ) = exp
(
−
(Nc t)
2
2!
ζ2
2
+
(Nc t)
3
3!
ζ3
2
−
(Nc t)
4
4!
29ζ4
16
+
+
(Nc t)
5
5!
[
17
4
ζ5+
1
2
ζ2 ζ3
]
+O(t6)
)
, (44)
where the five-loops coefficient has been deduced from
previous results in the literature [5]. The fixed-order ex-
pansion of this exponential gives
σNG(ρ)= 1−
π2
24
(Nc t)
2+
ζ3
12
(Nc t)
3+
π4
34560
(Nc t)
4+
+
(
−
π2
360
ζ3+
17
480
ζ5
)
(Nc t)
5 , (45)
which confirms the results obtained in Refs. [5, 11].
Since we have not computed higher NGLs coefficients,
we can make a crude estimate of how large they may be.
We do so by fitting the exponential solution (8) trun-
cated at seventh order to the full numerical resummation
of NGLs obtained from the Monte Carlo dipole-evolution
code of Ref. [2]. The fitting values that we have obtained
are
S(6)ab =−13.34 , (46a)
S(7)ab =+15.03 . (46b)
The numerical values for the coefficients S(n)ab /n! that
multiply (Nc t)
n in Eq. (44) up to fifth order (n = 5)
are shown in Table 1. Also shown in the same table are
the estimated coefficients at six and seven loops based
on the fitting values (46). We note that for typical phe-
nomenological studies we have Nc t. 1. Combined with
the observation that the numerical values for the coeffi-
cients shown in Table 1 become smaller at each higher
order, it is expected that the series in the exponent in
Eq. (44) should converge fairly quickly.
Table 1. The coefficients S
(n)
ab /n! multiplying
(Nc t)
n at order n.
n S
(n)
ab
/n!
2 −0.411
3 +0.100
4 −0.082
5 +0.045
6 −0.018
7 +0.003
5.1 Two-loops ladder resummation
In this subsection we show how a class of terms that
appear at each order in the perturbative expansion of
NGLs may be resummed in the exponent of Eq. (8) to
all orders. Such a class of terms, dubbed “ladder” terms
[1], † seems to exhibit a symmetry pattern and starts at
two loops by the expression (17)
S(2)ab =−
∫
dΩ12
(4π)2
Θout1 Θ
in
2 A
12
ab . (47)
At higher orders (n≥ 2) the ladder terms appear as
(−1)n−1
∫
dΩ12...n
(4π)n
Θout1 ω
1
ab
n∏
i=2
Θini A¯
1i
ab . (48)
They may be represented by Feynman diagrams such as
that shown in Fig. 1 at five loops.
Fig. 1. Diagrammatic representation of the ladder
term at fifth order.
The result of integration of a given ladder term at order
n is given by the formula
(−1)n−1 (n−1)!
ζn
2
, n≥ 2 , (49)
Summing these terms to all orders in the exponent yields
the result
σNGladder(ρ)= exp
[
∞∑
n=2
(−1)n−1 (n−1)!
ζn
2
(Nc t)
n
n!
]
=
1√
Γ(1+Nc t)
exp
[
−
γE
2
Nc t
]
. (50)
†The Feynman diagrams corresponding to these terms look like a ladder. See Fig. 1.
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An identical result to the above was derived in Ref. [5] by
means of solving the BMS equation as a differential equa-
tion up to two loops while ignoring higher-loop terms.
Eq. (50) also accounts for the first radiator R(1)ab (t) in
Eq. (5.3) of Ref. [4]. ‡ This means that the exponential
solution (8) may be factored out into a product of an
infinite number of exponentials (or equivalently a sum
of an infinite number of terms in the exponent), each
of which resums a specific class of terms that exhibit a
symmetry pattern. What we have computed above, i.e.,
ladder terms, is just the first obvious class of such terms.
The resummation of less trivial classes of terms will be
postponed to future work.
We show in Fig. 2 plots of the ratio σNG/σDS, where
σDS is a parameterisation function that was obtained in
Ref. [2] by fitting to the output of a Monte Carlo dipole-
evolution code developed therein to resum NGLs at large
Nc. It is given by
σDS(ρ)= exp
[
−CFCA
π2
12
1+(0.85CA t/2)
2
1+(0.86CA t/2)1.33
t2
]
. (51)
Fig. 2. Plots of the ratio σNG/σDS as a function of
t including terms in Eq. (44) up to two loops, up
to five loops, and including the ladder-resummed
factor (50).
We show in Fig. 2 three cases for σNG. In one case
we truncate the series in the exponent (44) at two loops
keeping only the leading term in the exponent. We no-
tice that the exponential result σNG differs from the fully
resummed result σDS only at the level of a maximum of
3% for values of t up to 0.3 (which is equivalent to a
value of L = ln(1/ρ) = 5.3 or ρ = 0.005). In the sec-
ond case we truncate the series in the exponent at fifth
order. Here we see that the five-loops result performs
better than the two-loops result with discrepancy less
than 1% for values of t up to 0.3. This indicates that
adding a few more terms in the exponent one should be
able to obtain a good agreement with the full numerical
resummation of NGLs σDS. In the third case we plot the
ladder-resummed factor (50) which, on the other hand,
does not seem to perform any better than the two-loops
case. This indicates that it is necessary to resum higher-
loop terms/classes in order to obtain a reliable analytical
result that matches the fully-resummed numerical data.
6 Conclusions
In the current work we have shown how to extract
the squared eikonal amplitudes for the emission of soft
energy-ordered gluons at large Nc from the non-linear
integro-differential BMS equation. We have provided the
explicit expressions for these squared amplitudes up to
sixth order in the strong coupling. These amplitudes
have actually been deduced from the formulae of the co-
efficients S(n)ab of NGLs, for which the BMS equation was
initially developed. The expressions of S(n)ab that we pro-
vided are in fact general and may be applied to the re-
summation of any non-global QCD observable by simply
performing the relevant integrations.
Moreover, we have explicitly verified that the squared
amplitudes extracted from the BMS equation coincide
with those presented in our previous work [1] in the large-
Nc limit. The results of the latter reference were obtained
by means of a Mathematica code that implements the
dipole formalism in the eikonal approximation and cap-
tures the full colour dependence of the amplitudes.
We additionally carried out analytical evaluations of
the various integrals relevant to the NGLs coefficients
S(n)ab up to fourth order for the specific case of the hemi-
sphere mass distribution. We have thus confirmed the
semi-numerical calculations presented previously in Ref.
[11]. The fifth and sixth-order computations are quite
delicate and will be presented in future publications.
Furthermore, we compared our results to the full numer-
ical resummation of Ref. [2] and found that adding more
and more terms in the exponent of the solution (44) leads
to better agreement with the Monte Carlo resummed re-
sult. Nonetheless, and as previously pointed out in the
literature, the truncation of the series in the exponent
at two loops already gives a good approximation for the
full resummation for values of t up to 0.3.
We have also elaborated on the observation that the
solution to the BMS equation may be represented by a
product of an infinite number of exponential factors each
of which resumming a class of terms contributing to the
NGLs form factor. We have computed the first of such
resummed factors, which corresponds to a class of terms
whose Feynman diagrams resemble a ladder shape. It
turns out, however, that this ladder resummation is not
sufficient and higher-loop terms (e.g. “cascade” terms)
cannot be neglected and should be computed for a pre-
‡Notice that the evolution parameter t is denoted as δ in Ref. [4].
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cise and reliable solution to the BMS equation.
The current work may be extended in various ways.
These include, to name a few, (a) analytically computing
the fifth and sixth-order NGLs coefficients, (b) consider-
ing other non-global jet-shape distributions up to sixth
order, (c) exploring the effect of jet algorithms on NGLs
up to sixth order, and (d) exploiting new developments in
mathematics especially in the field of non-linear integro-
differential equations in the hope of finding a full ana-
lytical solution to the BMS equation. The latter may
be possible given that the BMS equation is analogous
to some well-known equations in physics, such as the
Batlisky-Kovchegov (BK) equation (see Ref. [7] and ref-
erences therein), that have been thoroughly studied for
a long time. We hope to address some of theses issues in
the near future.
A Calculation of NGLs coefficients
A.1 One and two-loops calculations
We evaluate in this section the integral (13) which
gives the one-loop Sudakov coefficient S(1)ij for arbitrary
dipole (ij). We introduce the following brackets
{ij}=1+ci cj+si sj cosφij , (52a)
[ij] = 1+ci cj−si sj cosφij , (52b)
where we remind the reader that ci = cosθi, si = sinθi,
and φij = φi − φj . First, we carry out the azimuthal
average
Iij(ck)=
∫ 2π
0
dφk
2π
(ij)
(ik)(jk)
, (53)
using contour integration techniques to obtain
Iij(ck) = I
(1)
ij (ck) [Θ(ck−ci)−Θ(cj−ck)]+
+I(2)ij (ck) [Θ(ck−ci)−Θ(ck−cj)] , (54)
with
I(1)ij =
(ij)
[ij]−2(ci+cj)ck+{ij}c2k
[
1−cick
ck−ci
+
1−cjck
ck−cj
]
,
(55a)
I(2)ij =
1
1−c2k
[
1−cick
ck−ci
−
1−cjck
ck−cj
]
. (55b)
Evaluating the polar integration results in a collinear di-
vergence, as explained in the main text (see Ref. [11] for
details).
The two-loops integral which represents the leading
NGLs coefficient reads
S(2)ij =−
∫ 0
−1
dcℓ
2
dφℓ
2π
(ij)
(iℓ)(jℓ)
∫ 1
0
dck
2
×
× [Iiℓ(ck)+Iℓj(ck)−Iij(ck)] . (56)
For the case (ij) = (aj), with cj < 0 and ca = 1, one
simply finds
S(2)aj =−
ζ2
2
. (57)
Moreover, for the simpler case (ij) = (ab), with ca = 1
and cb=−1, one clearly has
S(2)ab =−
ζ2
2
. (58)
Finally, for (ij)= (ib), with i an arbitrary leg outside the
measured hemisphere (ci< 0), one has
S(2)ib =−
1
2
(
ζ2− Li2
[
2ci
ci−1
])
. (59)
A.2 Three-loops calculations
The three-loops NGLs coefficient for the hemisphere
mass distribution in di-jet events in e+e− collisions is
given by
S(3)ab =
∫ 0
−1
dc1
2
∫ 2π
0
dφ1
2π
∫ 1
0
dc2
2
∫ 2π
0
dφ2
2π
∫ 1
0
dc3
2
×
×
∫ 2π
0
dφ3
2π
A12ab A¯
13
ab−
∫ 0
−1
dc1
2
∫ 2π
0
dφ1
2π
∫ 0
−1
dc2
2
×
×
∫ 2π
0
dφ2
2π
∫ 1
0
dc3
2
∫ 2π
0
dφ3
2π
B123ab . (60)
For the ladder (first) term, which was also evaluated and
resummed to all orders in the main text, we have the
result
I
(3)
1 = ζ3 . (61)
For the cascade (second) term we have
I(3)2 =−
∫ 0
−1
dc1
2
∫ 2π
0
dφ1
2π
∫ 0
−1
dc2
2
∫ 2π
0
dφ2
2π
×
×
∫ 1
0
dc3
2
∫ 2π
0
dφ3
2π
w1ab (A
23
a1+A
23
1b−A
23
ab) . (62)
Substituting the results of integration from the previous
subsection we find
I(3)2 =
∫ 0
−1
dc1
2
∫ 2π
0
dφ1
2π
w1ab
(
S(2)a1 +S
(2)
b1 −S
(2)
ab
)
=−
∫ 0
−1
dc1
2
2
1−c21
(
ζ2
2
−
1
2
Li2
[
2c1
c1−1
])
. (63)
Making the change of variables
x=
1+c1
1−c1
⇒ c1=
x−1
x+1
, (64)
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the cascade integral then reads
I(3)2 =−
1
4
∫ 1
0
[ζ2− Li2(1−x)]dlnx. (65)
Letting u= lnx and using the dilogarithm identity
Li2(1−x)= ζ2− lnx ln(1−x)− Li2(x) , (66)
we obtain
I(3)2 =−
1
4
∫ 0
−∞
(u ln(1−eu)+ Li2(e
u))du,
=−
ζ3
2
. (67)
We thus have
S(3)ab =
ζ3
2
. (68)
Note that we have checked this result numerically.
A.3 Four-loops calculations
The NGLs coefficient at this order reads
S(4)ab =
∫
dΩ1234
(2π)4
Θout1 Θ
in
4
(
−Θin2 Θ
in
3 A
12
ab A¯
13
ab A¯
14
ab+
+3Θin2 Θ
out
3 A
12
ab B¯
134
ab +Θ
out
2 Θ
in
3 A
1234
ab −Θ
out
2 Θ
out
3 C
1234
ab
)
,
(69)
The ladder term is simple and yields the result
I(4)1 =−
∫
dΩ1234
(2π)4
Θout1 Θ
in
2 Θ
in
3 Θ
in
4 A
12
ab A¯
13
ab A¯
14
ab
=−
∫ 0
−1
dc1
1−c21
ln3
(
c1−1
2c1
)
=−3ζ4 . (70)
The ladder-cascade term is given by
I(4)2 =3
∫
dΩ1234
(2π)4
Θout1 Θ
in
2 Θ
out
3 Θ
in
4 A
12
ab B¯
134
ab
=
3
2
∫ 0
−1
dc1
1−c21
ln
(
c1−1
2c1
)(
ζ2− Li2
[
2c1
c1−1
])
=
21
16
ζ4 , (71)
Note that we have used the Hopf algebra of co-products
to carry out the above integral. Additionally we have
I(4)3 =
∫
dΩ1234
(2π)4
Θout1 Θ
out
2 Θ
in
3 Θ
in
4 A
1234
ab
=
1
4
∫
dΩ12
(2π)2
Θout1 Θ
out
2
2
1−c21
[
2(1−c1c2)
(1−c22)(12)(
ln
[
c2−1
2c22(c1−1)
]
+ln[12]
)2
−
8
1−c22
ln2
(
c2−1
2c2
)]
=
17
16
ζ4 . (72)
The last integral to perform at four loops is the cas-
cade term
I(4)4 =−
∫
dΩ1234
(2π)4
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 C
1234
ab
=−
∫
dΩ1234
(2π)4
Θout1 Θ
out
2 Θ
out
3 Θ
in
4 w
1
ab [B
234
a1 +B
234
1b −B
234
ab ] .
(73)
Note that the integrations over each separate term is di-
vergent, but the overall result is finite. We can put a
spurious collinear cutoff ǫ on the integration over c1 and
perform each integral separately. The divergences cancel
in the sum and ǫ disappears. The integral over the term
involving B123ab is straightforward and yields the result
I(4)4,1 =
∫ 0
−1
dc1
2
∫ 2π
0
dφ1
2π
w1ab
ζ3
2
=−
ζ3
4
lim
ǫ→0
ln
ǫ
2
. (74)
The second integral is also easy and gives
I(4)4,2 =−
∫ 0
−1
dc1
2
∫ 2π
0
dφ1
2π
∫ 0
−1
dc2
2
∫ 2π
0
dφ2
2π
w1abw
2
1b
1
2
×
×
(
Li2
[
2c1
c1−1
]
− Li2
[
2c2
c2−1
])
=−
1
4
∫ 0
−1
dc1
1−c21
∫ 0
−1
dc2
1−c22
(1+c1)(1−c2)
|c1−c2|
×
×
(
Li2
[
2c1
c1−1
]
− Li2
[
2c2
c2−1
])
. (75)
Thus we obtain
I(4)4,2 =−
ζ3
4
lim
ǫ→0
ln
ǫ
2
−
3ζ4
4
. (76)
The remaining integral is the least trivial of all. It
reads
I(4)4,3 =
−
∫ 0
−1
dc1
2
∫ 2π
0
dφ1
2π
∫ 0
−1
dc2
2
∫ 2π
0
dφ2
2π
w1ab (w
2
a1+w
2
1b)A
34
12
=−
∫ 0
−1
dc1
1−c21
∫ 0
−1
dc2
1−c22
(1−c1c2)
∫ 2π
0
dφ2
2π
1
(12)
A3412 ,
(77)
where the bar in A3412 means that both particles 3 and 4
have been integrated out with 3 being out and 4 being
inside the measured hemisphere. We find for this term
the result
I(4)4,3 =
ζ3
2
lim
ǫ→0
ln
ǫ
2
−
7ζ4
16
. (78)
Thus the overall cascade contribution to the NGLs coef-
ficient at four loops is given by
I(4)4 =−
19
16
ζ4 . (79)
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Finally, adding up the results of the various contribu-
tions (ladder, ladder-cascade and cascade) to the NGLs
coefficient at this order we obtain the result
S(4)ab =−
29
16
ζ4 . (80)
B Radiator for the hemisphere mass dis-
tribution
The radiator in the MS renormalisation scheme for
the hemisphere mass distribution is given by (see for in-
stance Ref. [13])
R(ρ) =CF [Lr1(αsL)+r2(αsL)+r2,coll(αsL)] , (81)
with
r1 =
1
2πβ0λ
[(1−2λ) ln(1−2λ)−2(1−λ) ln(1−λ)] ,
(82a)
r2 =
K
4π2β20
[2 ln(1−λ)− ln(1−2λ)]+
β1
2πβ30
×
×
[
1
2
ln2(1−2λ)− ln2(1−λ)+ln(1−2λ)−2ln(1−λ)
]
,
(82b)
r2,coll =
3
4
1
πβ0
ln(1−λ) , (82c)
with λ = αs(Q)β0 ln(1/ρ). Hard-collinear emissions to
the outgoing quark initiating the measured hemisphere
are accounted for by the term r2,coll in the radiator. In
the expression of the radiator we have the following con-
stants
K=CA
(
67
18
−
π2
6
)
−
5
9
nf ,
β0=
11CA−2nf
12π
,
β1=
17C2A−5CAnf−3CFnf
24π2
, (83)
where nf =5 is the number of active quark flavours. The
L-derivative of the radiator is given by
R′=
∂R
∂L
=
CF
πβ0
[ln(1−λ)− ln(1−2λ)] . (84)
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